Tricritical behavior, in particular, critical exponents (·q, r, ¢, v, a), of classical 1V-component spin systems with a short-range or long-range interaction are studied in the dimension d ( <3rr;2; a: potential range parameter, 1 <rr:S::2) by means of the rcnormalization theory. The obtained expressions for all these critical exponents in the long-range interaction system and for the crossover exponent ¢ in the short-range one are new. The corrections of these tricritical exponents to the classical ones are shown to be smaller than those in the corresponding systems undergoing the second-order phase transition. § 1. Introduction
The phenomenological theory for tricritical phenomena \vas first given by Landau 11 and has been extended by many authors. 21~1 1l Tricritical points are classified as follows: symmetrical tricritical points/ 1 non symmetrical tricritical points and a tricritical point in the Potts nwdel. The first class is found in 3 He-4 He mixtures and in metamagnets, where order parameters are invariant under their mverswn. These systems have been studied in a spin model by Blume, Emery and Griffiths, and Nelson and Fisher, 31 respectively. The second class may exist in mixtures of three or more substances, i.e., ternary mixtures, quaternary mixtures, and so on, where order parameters are not invariant under their inversion. A phenomenological theory for these systems has been given by Griffiths and Widom and logarithmic corrections to the mean field theory by Stephen. 41 The third class occurs in the Potts model which has been studied by Kihara, Mizuno and Shizume, and Straley and Fisher. 51 In this article tricritical behavior in the symmetric system is discussed below. A scaling theory of tricritical behavior in the symmetric system has been developed and logarithmic corrections to the mean-field theory were obtained by Riedel and Wegner. 61 Critical exponents for the system with the short- In this article critical behavior, in particular, tricritical exponents, of classical N-component spin systems vvith a short-range or long-range interaction, decaying as 1/rdH (1 <0"<2), and with the spin-inversion symmetry are studied in the dimensions d<30" /2 without an external field by means of the renormalization theory. 8 J The effective Hamiltonian is specified in § 2. The expressions for the critical exponents and the scaling laws above the tricritical temperature Tt are derived in § 3. Critical exponents (r; , r, rp, v, a) For metamagnetic systems they are described by a temperature T, an internal field h and a staggered field h., respectively. The temperature, the difference of the chemical potential (or h.,) and the field ( (or h) are associated with the renormalized mass, coupling constant g.1 and an external field, respectively. The Hamiltonian (2·1) may be rewritten by using the renormalized quantities (the mass m, the field S and the coupling constants g4 and g6) and the renormalization constants Zm, Zc4J and ZcoJ for the field S, the coupling constants g4 and q6, as
at the tricritical point where m~O and g4 ~g4 c. (g4c is given in ( 4 · 6). If one adopts as the interaction Hamiltonian, Hr-f dax: !JCr: where the the notation: :means the normal product, the critical value of (74, g4c equals zero.) In the vicinity of the tricritical point the deviations of the mass and the coupling constant g4 from their critical values as t and g4, respectively, must be taken into consideration. § 3. Vertex functions and renormalization-group equations in 3a-/2-c dimensions To study the tricritical behavior in the system specified by (2 · 2), properties of correlation functions describing physical quantities, for example, the order-order correlation, energy-order-order correlation for the same or different con>ponents, energy-energy correlation, etc., must be investigated at the tricritical point (T = Tt> /fs1 = 0), where the mass m and the coupling constant g.1 are not independent variables.
One-particle irreducible (1-PI) vertex functions related to the former three correlations may be defined by modifying the conventional method 101 ' 111 for the second order phase transition as (3·1) including the vertex functions ro,n) and r~nJ, replaced the set of quantities {g, Z,, . 11) by the corresponding set {g6, Zm, Zc2), Z(z)}. The renormalization constants Zcj> (j = 1, 2 and 2) 1vill be determined later. These three vertex functions are related to the physical quantities, i.e., the order-order correlation, the susceptibility and the crossover behavior by the anomalous dimensions for S, S 2 and SaS~ (a=/=/3), d¢, d¢' and d¢ 0 , respectively. These vertex functions at the tricritical jJoint satisfy the renormalization-group (R-G) equations (3· 2) including those for r(j· n) and T';:J replaced the set {g, rs, r., t 5} 1n (3 · 2) of Ref . 11) by the set {g6, rob tc2), t(:!)} and put m by null there. The coefiicient functions /3 (go) and rcjl (go) for j = 1, 2, 2 are defined by
To normalize the renormalized mass m, spin field S, coupling constant g4 and g6, and vertex functions T 0 ' 41 and T~4~, and to determine the renormalization constants Ze,n for j = 1, 2, 2, the following normalizations in addition to the first two normalizations for T' 21 and 8T' 21 jap" in (3 · 4) of Ref. 11) are imposed:
·where the coupling constant g6 is replaced by the corresponding dimensionless parameter g 6 • The normalization for rc 21 removes the a-power singularities arising from the go-interaction contained in diagrams for the r( 2 ) -vertex functions (an insertion of the g4-interaction weakens the singularity since it has the degree of divergence o=d-2u<O). The normalization for uT' 21 jup" eliminates the logarithmic singularities remaining in higher order diagrams for the T' 21 -vertex function than first order in g6 and g4, and normalizes the coefficient of jJ" in the propagator Downloaded from https://academic.oup.com/ptp/article-abstract/58/2/516/1866458 by guest on 03 January 2019 to unity. The normalization for r< 4 > removes the (] /2-power singularities ansmg from the ga-interaction in diagrams for T( 4 ) and defines the tricritical point together with the normalization for r< 2 >. The normalization for r<6) eliminates the logarithmic singularities arising in diagrams for r<al_vertex functions and normalizes it to the renormalized coupling constant. The last two normalizations remove the logarithmic singularities in the r<l. 4 ) and T~4~ diagrams, respectively, and normalize them to unity. The relations (3 · 3) are rewritten as
The vertex functions in (3 ·1) satisfy the R-G equations (3 · 2) and the scaling relations (3· 6) including those for r<l.n> and r~n; replaced g in (3 · 7) of Ref . 11) by g6 together with m = 0. Their asymptotic expressions at a point g6"" satisfying /3 (g6"") = 0 are described by
including those for r<l.n) and r~n; replaced the set {g, m, ra, r4, r5} m (3. 8) of Ref. 11) by the set {g6,0,rm,r(2),ri2l}; where g6 (J..) is defined as f~:<"ldg'jf](g') = ln A. These explicit expressions become asymptotically in the limit A -'>0 (3·8) including those for r<l.n) and r~n; replaced the set {ra, r4, r5} m (3. 9)' (3 ·10)' (3·11) and (3·14) of Ref. 11) by the set {rm, r(2), rc2J}. (Here the definition of the anomalous dimensions and the relation between the critical exponents and the vertex functions in the same reference are used with an exception of the reduced temperature t= (T-T,) /T,, where T, denotes the tricritical temperature.) Thus, the anomalous dimensions and the critical exponents (r;, rand ¢) are expressed as In the result the expressions for the critical exponents derived above hold independent of the order of the phase transition if the fixed coupling constant g600 is replaced by that of the most dominant. These critical exponents will be obtained in the next section by the calculation of the set of {rm, r(2), rc2)} at the fixed point. § 4. Renormalization constants and critical exponents
The renormalization constants Z(jJ for j = 6, 1, 2, 2 may be expanded as power series in g6, after the vertex functions r<Bl' r< 2 J, ru, 2 ' and T~2~ are expanded by H 1 in (2· 2) according to the Feynman rule and their expansion series obtained are matched with the corresponding normalization conditions (3 · 4). In the article those expansions will be performed up to order e 2 using the interacting Hamiltonian without taking the normal product of it. The diagrams for the vertex functions r<sl, rw and r< 2 ) to second order are illustrated in Fig. 1 . The vertex functions r< 2 ) and r< 4 ) to first order (cf. d20 and d40 in Fig. 1 
with (11-" 12 -e) , ) and the order of the renormalized coupling constants (g 6 and g4) and mass m 2 1s
fl(k,;1)=(k"+11")-1 • The order of the terms Dn(O) is
The regwn of validity of the present theory is restricted to the region
The tricritical point of order g is defined by the point satisfying X= 0 = Y and the critical line of order g is given by the line satisfying X=O and Y>O. By taking the relations of order ( 4 · 3), ( 4 · 4) into consideration, it is seen that the one-particle reducible diagrams such as d/r, dir, di,r, etc., do not conserve the order of the corresponding vertex functions but the other one-particle-irreducible diagrams conserve it. Therefore the expressions (3 ·1) are restricted to the 1-PI vertex functions. From the first normalization condition in (3 · 4), the renormalized coupling constant g4 of order g must satisfy the relation (4·6) and g. to order rl is given by the term in ( 4. 6) plus the terms m dl2, di2, d.s
and d44 in Fig. 1 . That is, g4 is given as a function of the renormalized coupling constant g6• On taking the relation ( 4 · 6) into consideration, one sees that the contributions of the diagrams d62 to r<sl and di.z, di2, d2s and d24 to r< 2 ) vanish in the expansion to order e 2 • On inserting the renormalization constants expanded as power series in g6 into the renormalized coupling constants and spin field in Zc;5=1-96 2 c (N + 2) (N +4) 11800+ O(g 2 ) ,
a-dl dp" lp6~o(
By substituting ( 4 · 7) into (3 · 5) one gets the relations 
( 4· 9) In the expression for {3 (g6) the coefficient of 2g6 consists of contributions of diagram of order 2-1 multiplied by g6 of order 2, i.e., of contributions of order unity at least. Its expression is constructed by sum of terms 2g6, [fG 2 , ···, and the coefficient function {3 (g6) for small g6 is proportional to g 2 for the scale invariant theory (d=3ul2) and to g6 for the asymptotic scale invariant theory (d<3ul2). In the expressions for Zc;5 and ZG-~ the linear terms in g6 are removed by the first normalization condition in (3 · 4). The coefficient terms of g6 (and g6 2 ) in the expressions Zc61 , (and Zoh Zc;5 and ZG), respectively) are of orcler C 1 . Therefore the renormalization constants diverge at 2 = 0 and are finite in 2>0. The coefficient functions r(j) become finite according to (3. 5) because infinitesimal quantities in {3 (g6) multiplied by divergent ones in the renormalization constant ZcjJ become nonsingular. From {3 (g6oo) = 0 one finds
By inserting ( 4 ·10) into ( 4 · 9) one obtains 3 ) for u=2,
The value of rs CaG=) vanishes identically for the long-range interactions. By inserting ( 4 ·11) into (3 ·10) , (3 ·11) , (3 ·12) for the short-range interaction and r;=2-u,
for the long-range interactions \vith
The critical exponents r; and r for the short-range interaction coincide with those obtained by Stephen and McCauley.7l The other critical exponents are nevv results.
The differences of these exponents from those for the second order phase transition are of different dependences of 1V and s, except r; for the long-range interactions.
In particular, the tricritical exponents have the contributions in the limit iV---->oo, but have not those of order s except a. The critical exponents for the long-range interactions are modified through the parameter of the potential range 0". 
